We study numerically the polarization dynamics of vertical-cavity surface-emitting lasers ͑VCSEL's͒ operating in the fundamental transverse mode. We use an extension of the spin-flip model that not only accounts for the vector nature of the laser field, but also considers spatial transverse effects. The model assumes two orthogonal, linearly polarized fields, which are coupled to two carrier populations, associated with different spin sublevels of the conduction and valence bands in the quantum-well active region. Spatial effects are taken into account by considering transverse profiles for the two polarizations, for the two carrier populations, and for the carrier diffusion. The optical profile is the LP 01 mode, suitable for describing index-guided VCSEL's with cylindrical symmetry emitting on the fundamental transverse mode for both polarizations. We find that in small-active-region VCSEL's, fast carrier diffusion induces self-sustained oscillations of the total laser output, which are not present in larger-area devices or with slow carrier diffusion. These self-pulsations appear close to threshold, and, as the injection current increases, they grow in amplitude; however, there is saturation and the self-pulsations disappear at higher injection levels. The dependence of the oscillation amplitude on various laser parameters is investigated, and the results are found to be in good qualitative agreement with those reported by Van der Sande et al. ͓Opt. Lett. 29, 53 ͑2004͔͒, based on a rate-equation model that takes into account transverse inhomogeneities through an intensity-dependent confinement factor.
I. INTRODUCTION
Due to the important improvements that have been made in their performance capabilities, vertical-cavity surfaceemitting lasers ͑VCSEL's͒ are nowadays employed in a wide range of practical applications, such as optical communications and data storage systems. VCSEL's have a very short cavity ͑typically of a few wavelengths of the emitted light͒ and thus they operate in a single longitudinal mode. They have a circular beam profile, which is desirable for optimal coupling into optical fibers; they have very low threshold currents and can be modulated at high speeds; they are compact and can be integrated in large two-dimensional arrays. However, they have two important drawbacks: they usually exhibit polarization and transverse-mode instabilities ͓1͔.
In conventional edge-emitting lasers the rectangular transverse section geometry and waveguiding effects lead to emission of linearly polarized light with stable polarization locked onto a fixed axis. In VCSEL's, due to the circular symmetry of the transverse section, the polarization is not fixed by geometrical constraints but rather by residual fabrication anisotropies, and VCSEL's emit light linearly polarized along one of two orthogonal directions, usually associated with crystalline orientation or stress. When the VCSEL begins to lase, one linear polarization dominates and, as the injection current is increased, in many devices it is observed that the emission switches to the orthogonal linear polarization, a phenomenon referred to as polarization switching ͑PS͒. The PS is usually accompanied by complex polarization dynamics in which there is either polarization coexistence ͑simultaneous emission on both of the orthogonal linear polarizations with different emission frequencies͒, polarization hopping ͑noise-induced competition between the two orthogonal linear polarizations with different emission frequencies͒, or emission of elliptically polarized light ͑on both orthogonal linear polarizations with the same emission frequency͒ ͓2-6͔. In addition, fundamental mode emission is not maintained for increasing drive current, and higher-order transverse modes emerge, usually with a polarization that is orthogonal to that of the fundamental mode ͓1͔.
It is important to fully understand the polarization and transverse-mode behavior VCSEL's, and considerable attention has been given to elucidate the mechanisms determining the polarization selection at threshold and the polarization switching for increasing injection under single and multitransverse-mode operation ͓7-16͔. Material birefringence is a key ingredient that results in ͑i͒ a frequency split between the two polarizations ͑in the range of a few to about 50 GHz͒ and ͑ii͒ different transverse confinements of the two polarizations ͑i.e., different overlap with the gain region͒. It is then expected that spatial hole burning and carrier diffusion *Electronic address: marita@exa.unicen.edu.ar † URL: http://www.fisica.edu.uy/~cris. Electronic address: cristina.masoller@upc.edu can have a strong influence on the polarization of the emitted light.
Moreover, spatial hole burning and carrier diffusion also lead to waveguiding effects, which can result in selfpulsations of the total output upon increasing the laser drive current. The mechanism is well known in edge-emitting lasers: the spatial hole burning depletes the carrier density in the center of the active region, increasing the refractive index. As a result, the mode is more efficiently confined with increasing power, and there is an enhancement of the effective modal gain that can give rise to self-sustained oscillations. As the drive current is increased further there is saturation ͑because the carrier density cannot be depleted below the transparency value͒, and the self-pulsations eventually disappear at high-output powers.
In VCSEL's, self-pulsations have been experimentally observed by Willemsen et al. ͓17͔ and explained theoretically by several authors ͓18,20,21͔. Scire et al. ͓18͔ proposed a mechanism based on the interplay of saturable gain and saturable absorption. They consider that the VCSEL-active region is surrounded by an unpumped cladding region that acts as an absorbing region. Using the framework of the spin-flip rate-equation model, the absorbing region was taken into account through an additional carrier reservoir ͑as in the Yamada model ͓19͔͒. Carrier diffusion was incorporated in the rate equations through terms coupling the populations in the active and absorbing regions. Depending on the birefringence and on the laser drive current, four qualitatively different behaviors were found: stable linearly polarized output, intensity pulsations with stable polarization, pulsations of both, the total intensity and the two orthogonal polarizations, and polarization self-pulsation with nearly constant ͑total͒ output. Panajotov et al. ͓20͔ proposed an alternative mechanism, also capable of inducing self-pulsations, based on waveguiding effects. Using a effective-index self-consistent dynamical model, Panajotov et al. showed that selfpulsations can appear due to an interplay between the carrierinduced antiguiding and the index guiding ͑either the built-in index guiding in oxide-confined VCSEL's or the thermally induced index guiding in proton-implanted VCSEL's͒. In both cases the waveguiding is improved during the leading edge of the optical pulse because of carrier depletion and is worsened on the tail of the optical pulse because of the restoration of the carrier density. Van der Sande et al. ͓21͔ proposed a rate-equation model to take into account waveguiding effects through an intensity-dependent transverse confinement factor, which was calculated within the weakly guided approximation, assuming a core refractive index that depends on the modal intensity profile. This model predicts self-pulsations of the laser output, which are in good agreement with those observed experimentally and with those occurring in the spatiotemporal effective-index dynamical model.
The aim of the present contribution is to provide further insight into spatial hole burning and carrier diffusion effects in VCSEL's. In previous work ͓22-24͔ we studied this subject using a model for multi-transverse-mode VCSEL's first proposed by Valle et al. ͓8͔ . The model is applicable to index-guided VCSEL's such that the optical profile is fixed by the built-in index step, therefore allowing a description in terms of modal amplitudes of various transverse modes ͓25͔. This model takes into account spatial hole burning and carrier diffusion but not the polarization of the emitted light. Here, we combine the spatiotemporal model of Valle et al. with the spin-flip rate equations ͓9,10͔ for describing the polarization dynamics of VCSEL's, following the approach previously proposed by Martin-Regalado et al. ͓26͔ . The spin-flip model considers two orthogonal, linearly polarized fields, coupled to two carrier populations, associated with different spin sublevels of the conduction and valence bands in the quantum-well-active region. In ͓26͔, transverse profiles for the orthogonal polarizations and for the two carrier populations were incorporated to the model. For indexguided VCSEL's, the optical profiles and frequencies were fixed, determined by the built-in refraction index step as in the model of Valle et al.; for gain-guided VCSEL's, the optical profiles were determined dynamically from MaxwellBloch equations including diffraction.
The main focus of this work is the influence of spatial effects-namely, spatial hole burning and carrier diffusion-on index-guided VCSEL's. Section II presents the model and a summary of the results previously reported in ͓26͔. Section III presents numerical simulations showing that in small-active-region VCSEL's, fast carrier diffusion induces self-sustained oscillations of the total laser output. These oscillations are not present either in larger-area devices or with slow carrier diffusion. We study the influence of relevant parameters on the amplitude and the frequency of the self-pulsations, varying the active region area, the carrier diffusion rate, and the sweep rate of the current ramp. A comparison is made with experimental observations, as well as with the predictions of other models. Section IV contains a summary of the results and the conclusions.
II. THE MODEL
The model takes into account slowly varying complex amplitudes of left-and right-circular polarizations E + and E − coupled to two carrier populations N + and N − with opposite spins ͓10͔. The equations can be written in terms of the complex amplitudes of two orthogonal linear polarizations E x = ͑E + + E − ͒ / ͱ 2 and E y =−i͑E + − E − ͒ / ͱ 2. Assuming singletransverse-mode and single-longitudinal-mode emission in both polarizations, the optical field is written as
where x ͑r͒ and y ͑r͒ are the transverse profiles, ␤ = k is the reference propagation constant ͑␤L = q, where L is the longitudinal extent of the laser cavity and q is an integer͒, k is the light wave number in vacuum, is the effective background refractive index, = ck is the associated frequency, and c is the velocity of light in vacuum.
In the framework of the index-guided approximation, the transverse profiles x ͑r͒ and y ͑r͒ are determined by the built-in refractive index step between the active core region and the surrounding cladding region, and are solutions of the Helmholtz equation. Because of the transverse circular geometry of the VCSEL, x and y can be expressed more conveniently in cylindrical coordinates r and :
where m x,y are integers that determine the azimuthal variation and the radial parts R x,y ͑r͒ are the solutions of ͓27͔:
where k 0 = / c is the free space wave number and n x ͑n y ͒ is the refractive index corresponding to the x ͑y͒ polarization. Birefringence is taken into account assuming that the refractive index in the core region in the x direction, n x core , and in the y direction, n y core , are different, while in the cladding region n clad is isotropic ͓26͔:
where a is the radius of the core region. The solutions of Eq. ͑3͒ are
where J m and K m are Bessel functions of the first and second kind, respectively, and
are dimensionless parameters. Continuity at r = a gives
which is known as the characteristic equation for the linearly polarized ͑LP͒ modes ͓27͔. For each longitudinal mode there is a set of solutions, k 0 = k mn , referred to as the LP mn modes of the qth longitudinal mode ͑the first subscript on LP refers to the m azimuthal value and the second subscript corresponds to the various roots for that m value͒. Because of birefringence, n x core and n y core are slightly different, and therefore, the x and y polarizations have different transverse confinements: the LP mn x,y profiles are not degenerate and one polarization is better confined than the other. In addition, the two polarizations have different free-space wave vectors k 0x and k 0y and a frequency split of
In the following, we assume that the laser emits on the fundamental transverse mode LP 01 in both polarizations ͑this has the advantage of reducing the computation time because the profiles have azimuthal symmetry͒. The profiles are normalized such that ͐ 0 ϱ x,y 2 ͑r͒rdr =1.
The equations for the complex amplitudes E x and E y , the total population density, N = N + + N − , and the population dif-
Here k is the field decay rate, ␥ N is the decay rate of the total carrier population, ␥ s is the decay rate of the population difference ͑which accounts for the mixing of carrier populations with different spins͒, ␣ is the linewidth enhancement factor, D is the diffusion coefficient, ␤ sp is the spontaneous emission strength, x,y are uncorrelated Gaussian white noises with zero mean, and is the normalized injection current ͑the threshold current is at = 1 neglecting transverse inhomogeneities͒. The injection is uniform over the transverse area of the core region ͑disk contact͒ and is zero outside: ͑r , t͒ = j͑t͒ for r Յ a, ͑r , t͒ = 0 for r Ͼ a and j͑t͒ allows for the generation of current ramps. The gain terms are given by the overlap of the transverse profiles with the carrier density:
N͑r,t͒ y 2 ͑r͒rdr, ͑14͒
Due to birefringence the two polarizations have slightly different transverse profiles, and therefore, they have different modal gains. This can result in a polarization-selection mechanism at threshold, as discussed below. The parameter ␥ a is the dichroism parameter that accounts for an external gain or loss anisotropy, which is not due to the different overlap of the transverse profiles with the active region, but which arises due to imperfections in the fabrication process. The parameter ␥ p is the birefringence parameter that accounts for the frequency splitting of the two polarizations, ␥ p = ͑ y − x ͒ / 2, and is calculated from Eq. ͑8͒. We remark that in this model ␥ p is not a free parameter: the polarization with the larger ͑core͒ refractive index ͑i.e., the better confined͒ is the one with the lower emission frequency.
In the absence of anisotropies ͑␥ a =0, ␥ p =0͒ the solutions of the model are linearly polarized states with arbitrary orientation of the polarization ͓9͔. When cavity anisotropies are included, the solutions are two orthogonal linearly polarized and two elliptically polarized states ͓10͔. Their stability depends on the gain-to-loss ratios of the two polarizations, the birefringence, and the saturable dispersion of the material. In certain parameter regions a linear stability analysis predicts a polarization switching for varying injection. Moreover, hysteresis occurs when the injection current is first increased and then decreased ͓10͔, in good agreement with many experimental observations.
The type of polarization switching that occurs for increasing injection depends on several parameters. Let us summarize some results of previous studies ͓10,26͔. To fix ideas, we assume that the x polarization is the better confined polarization ͑n x core Ͼ n y core ͒ and, therefore, has the lower frequency ͑␥ p Ͼ 0͒.
In the absence of external gain anisotropies ͑␥ a =0͒, if birefringence is large enough, modal gain differences determine the polarization selection at threshold: the betterconfined x polarization always turns on at threshold. However, for low birefringence, modal gain differences are not large enough to fix the polarization, and there is bistability at threshold. In this case, if ␥ p Ͻ ␥ s /2␣, when the x polarization turns on at threshold the model predicts for increasing injection current a PS to the y polarization. This PS, from the low-frequency ͑high-modal-gain͒ x polarization to the highfrequency ͑low-modal-gain͒ y polarization, has been referred to as type-II ͓28-30͔ and has been explained, in the context of this model, in terms of the interplay of birefringence, saturable dispersion, and spin-flip processes ͓10͔. The PS from the high-frequency ͑low-modal-gain͒ y polarization to the low-frequency ͑high-modal-gain͒ x polarization, type-I PS, does not occur if ␥ a = 0 because ͑i͒ for low birefringence there is bistability at threshold, and if the y polarization turns on at threshold, it remains stable as the injection increases; ͑ii͒ for large birefringence, the y polarization does not turn on because the better confined x polarization is selected at threshold. To summarize, in the framework of the spin-flip model ͑SFM͒ model extended to account for transverse inhomogeneities, in order to observe type-I PS, some amount of external gain anisotropy, which benefits the lesserconfined y polarization ͑␥ a Ͼ 0͒, must be included. In this case, a type-I PS can occur for increasing injection if the birefringence is large enough ͑if ␥ p Ͼ ␥ s /2␣ ͓26͔͒.
In the next section we study these two types of PS, focusing on the influence of the area of the core region and of carrier diffusion.
III. NUMERICAL RESULTS
We simulated the model equations with typical VCSEL parameters indicated in Table I . The parameters are the same as used in previous studies ͓10,26͔, but it is worth remarking that in ͓10,26͔ spontaneous emission noise was not taken into account, and as mentioned in the Introduction, noise can also induce polarization hopping in the polarization bistability region ͓4͔. Since we want to focus on transverse effects, we try to avoid noise-induced switching and therefore we use a value of ␤ sp that is not too large to induce switching, but that is still realistic, as it was shown in ͓31͔ that it is adequate to describe the polarization-resolved intensity noise of VCSEL's operating in the fundamental transverse mode.
In order to study type-I and type-II PS we consider two sets of parameters ͑␥ a , ␥ p ͒: for ␥ a large enough, the y polarization is selected at threshold, and if birefringence is also large ͑␥ p Ͼ ␥ s /2␣͒, a PS to the x polarization ͑type-I PS͒ occurs for increasing injection; for ␥ a = 0, when the x polarization turns on at threshold, if birefringence is not too large ͑␥ p Ͻ ␥ s /2␣͒, a PS to the y polarization ͑type-II PS͒ occurs for increasing injection. Indeed, as discussed in the previous section, if ␥ a = 0, there is bistability at threshold; thus, if the y polarization turns on, no PS occurs. The birefringence parameter ␥ p is varied by modifying n x core while keeping n y core and n clad fixed. The influence of the laser transverse section area is analyzed by considering various values of the core radius a ͑a is small enough to be consistent with the assumption of fundamental transverse mode operation in both polarizations͒. The influence of carrier diffusion is analyzed varying the diffusion coefficient D. Typical values corresponding to slow and fast diffusion are D = 0.3 and 5.0 m 2 / ns, respectively.
A. Analysis of the polarization-resolved L-I curve
To study the polarization-resolved L-I curve, the injection current was varied linearly, from ini = 0.8 to end = 2.8 in a time interval ⌬T ͑⌬T = 200 ns unless otherwise stated͒.
Figures 1 and 2 display the influence of carrier diffusion in type-I PS ͑Fig. 1͒ and in type-II PS ͑Fig. 2͒, when the active region radius is a =5 m. We plot I x = ͉E x ͉ 2 , I y = ͉E y ͉ 2 , and I t = I x + I y for slow carrier diffusion in Figs. 1͑a͒ and 2͑a͒ , and for fast carrier diffusion in Figs. 1͑b͒ and 2͑b͒ . It can be observed that carrier diffusion slightly increases the injection current at which the laser turns on ͑ th = 1 in the absence of transverse inhomogeneities͒ and also increases the injection current at which the PS occurs. This is expected because diffusion diminishes the current effectively injected into the active region of the laser. The insets in Figs. 1͑a͒ and 1͑b͒ display the optical and carrier transverse profiles: for slow diffusion there is a pronounced spatial hole burning ͑SHB͒ and few carriers are in the cladding region; for fast carrier diffusion the SHB effect is less pronounced and the population of carriers in the cladding region is larger. While type-I PS is abrupt, type-II PS is accompanied by oscillations of the total intensity and of the intensities of the two polarizations. These oscillations are not due to transverse inhomogeneities because they are also present in the rate-equation model ͓10͔.
In a smaller-area laser, fast carrier diffusion not only increases the threshold and PS points, but also induces selfsustained oscillations of the total intensity, regardless of the polarization state, as shown in Fig. 3͑b͒ for type-I PS and in Fig. 4͑b͒ for type-II PS. For comparison, Figs. 3͑a͒ and 3͑b͒ display the L-I curve for the same radius and slow carrier diffusion. We observe that the polarization switching does not seem to affect the oscillations. The self-pulsations appear near threshold, as undamped relaxation oscillations, their amplitude grows as the injection current increases, and then there is saturation with the oscillations disappearing at higher injection levels. These self-pulsations are not present in the rate-equation model ͓10͔ and therefore are due to transverse inhomogeneities. Similar self-pulsations have been observed in an extension of the SFM model where the absorbing unpumped region surrounding the central gain region is modeled as an additional carrier reservoir ͓18͔ and in models that do not consider polarization effects, but only waveguiding effects ͑in the form of an intensity-dependent transverse confinement factor ͓21͔ or in the form of thermal lensing due to heat-induced refractive index change and carrier-induced antiguiding ͓20͔͒.
The duration of the current ramp, ⌬T, is another key parameter determining the polarization-resolved L-I curve. The region of self-pulsations excitation depends on the duration of the current ramp ͑Fig. 5͒, suggesting a more abrupt disappearance of the oscillations with slower ramps ͑in good agreement with the bifurcation analysis of the rate-equation model; see Fig. 2 of ͓21͔͒. When carrier diffusion is slower ͑Fig. 6͒, fast current ramps delay the PS point to higher injection levels. This is expected as the same effect is observed in the SFM rate-equation model ͓32͔.
B. Analysis of the self-pulsations
In this section we analyze the dependence of the amplitude and frequency of the oscillations on various laser parameters: the radius of the transverse area, a, the diffusion coefficient D, and the injection current . Other parameters are fixed as in Fig. 1 .
The intensity time traces for two values of the transverse area radius and various values of the injection current are shown in Fig. 7 . If the radius a is not too small ͑left column of Fig. 7͒ , the self-pulsations are sinusoidal over the entire range of injection currents; their amplitude first grows and then decreases with the injection. For a smaller transverse area ͑right column of Fig. 7͒ we observe regular pulses that grow in amplitude with increasing injection, and there is also saturation at high values of .
A plot of the self-pulsation amplitude versus the injection current for fixed D and various values of a, Fig. 8͑a͒ , reveals a strong dependence of the amplitude on a. This dependence can be expected because in small-aperture VCSEL's the modal overlap with the cladding region increases, thus resulting in stronger saturable absorption. These features are in good qualitative agreement with the results presented in ͓21͔, based on a rate-equation model that takes into account transverse inhomogeneities through an intensity-dependent transverse confinement factor. A plot of the frequency squared versus the injection current, Fig. 8͑b͒ , reveals that when a is not too small, the relation is linear ͑indicating undamped relaxation oscillations͒, but as the transverse area decreases, the role saturable absorption in the unpumped cladding region increases and the relation f 2 vs is nonlinear. In our model the parameter determining the disappearance of the self-pulsation at high injection currents due to saturation is a 2 : when plotting the amplitude and the frequency squared versus a 2 , Fig. 9 , it can be observed that the oscillations occur in the parameter range a 2 Շ 15 m 2 , and the relation f 2 vs is nonlinear in this parameter region. Another parameter that affects the self-pulsations is the diffusion coefficient: the larger the value of D, the larger the oscillation amplitude, as shown in Fig. 10͑a͒ . A plot of the frequency squared versus injection, Fig. 10͑b͒ , shows that for slow diffusion the relation is linear, indicating that the oscillations are linked to undamped relaxation oscillation, in agreement with the experimental observations of Refs. ͓17,33͔. For larger D, saturation effects in the unpumped cladding region result in a nonlinear relation.
IV. CONCLUSIONS
We studied the dynamics of VCSEL's within the framework of a spatially dependent spin-flip model. The fundamental LP 01 transverse mode of a weakly guiding cylindrical waveguide was used to describe the transverse profile of two orthogonal linear polarizations. Birefringence was taken into account by considering different core refractive indices for the two polarizations. This leads to a relation between the transverse confinement and the frequency split between the two polarizations, the better-confined mode having the lower frequency.
The influence of carrier diffusion and the transverse area size were analyzed. We found that the polarization-resolved L-I curve strongly depends on these parameters. Small transverse area and fast carrier diffusion give rise to self-sustained pulsations, while larger area and/or slower diffusion are favorable to stable operation. The influence of the current ramp sweep rate was also analyzed. With slow carrier diffusion the sweep rate has the same effect as in the spatially independent rate-equation model ͓32͔: fast ramps delay the PS point to higher injection values. With fast carrier diffusion, the region of excitation of self-pulsations depends on the sweep rate: the amplitude is smaller and they disappear more abruptly with slower ramps. We characterized the influence of transverse effects on the self-pulsations, analyzing the dependence of their amplitude and frequency with the diffusion coefficient and the transverse area size. We found that if the transverse area is not too small ͑roughly speaking, a Ͼ 3 m͒ and the carrier diffusion is not too fast ͑roughly speaking, D Ͻ 3 m 2 /ns͒, the self-pulsations are sinusoidal over the entire range of injection currents, and their frequency squared varies linearly with the injection, suggesting that the oscillations are undamped relaxation oscillations. With smaller radius or faster diffusion, saturation in the cladding region leads to pulsing behavior, and the relation f 2 vs is nonlinear. We hope our results contribute to a better understanding of polarization and transverse instabilities, which are important for the design of VCSEL's with optimized performance. 
